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Two-dimensional topological insulators (TIs) host gapless helical edge states that are predicted to
support a quantized two-terminal conductance. Quantization is protected by time-reversal symme-
try, which forbids elastic backscattering. Paradoxically, the current-carrying state itself breaks the
time-reversal symmetry that protects it. Here we show that the combination of electron-electron
interactions and momentum-dependent spin polarization in helical edge states gives rise to feedback
through which an applied current opens a gap in the edge state dispersion, thereby breaking the
protection against elastic backscattering. Current-induced gap opening is manifested via a nonlin-
ear contribution to the system’s I − V characteristic, which persists down to zero temperature. We
discuss prospects for realizations in recently discovered large bulk band gap TIs, and an analogous
current-induced gap opening mechanism for the surface states of three-dimensional TIs.
Nonequilibrium many-body systems may host a vari-
ety of internal fields, such as dc currents or ac electric
fields, which are not allowed in equilibrium. Through
electron-electron interactions, such fields may give rise
to intriguing feedback effects that lead to novel types
of nonlinear transport phenomena and dynamical phase
transitions [1–8]. By manipulating these internal fields,
we may furthermore obtain new routes for quantum en-
gineering of material properties [9].
In this work we study how applied currents in combi-
nation with electron-electron interactions can modify the
electronic properties of topological insulator (TI) surface
states. In equilibrium, TIs feature a bulk band gap and
topologically protected gapless Dirac-like helical surface
states [10]. The degeneracy on the surface is protected
by time-reversal symmetry (TRS), and is robust against
weak perturbations that preserve this symmetry. Here
we propose a novel gap opening mechanism that is im-
portant for characterizing the breakdown of topological
protection due to the unavoidable TRS breaking that ac-
companies an applied current.
Previous works have explored possibilities of sponta-
neous breakdown of topological surface states in equilib-
rium due to electron-electron interactions [11–16], as well
as means for opening a gap on the surface by explicitly
breaking TRS via magnetic doping [17–21], coupling to
the exchange field of an adjacent magnetic layer [22] or
the nuclear spins of the host material [23–25], or through
the application of a magnetic field [26–28], or circularly
polarized light [29].
Importantly, in the presence of a dc current, the sys-
tem lacks TRS. Therefore, by symmetry considerations,
an applied current can break the degeneracy and open
a gap in the helical surface state spectrum. However, in
the absence of electron-electron interactions, the applied
current simply results from a nonequilibrium population
of the single particle surface states, and there is no feed-
E
<latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit><latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit><latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit><latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit>
k
<latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit><latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit><latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit><latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit>
Current, I
<latexit sha1_base64="TfXU/rvChxIRBeoWO4rPxuOCY4A="> AAAB63icbVDLSgMxFL1TX7W+qi7dBFvBhZSZIuiy0I3uKtgHtKVk0kwbmnmQ3Ail9CsEFyLoxp/xD/wb0+ls2nogcDjnJLnn+okUGl33 18ltbe/s7uX3CweHR8cnxdOzlo6NYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/Ul/47ReutIijZ5wmvB/SUSQCwShaqVc3SvEIb0j5sTwo ltyKm4JsEi8jJcjQGBR/esOYmdA+wCTVuuu5CfZnVKFgks8LPaN5QtmEjvgsnXROrqw0JEGs7ImQpOpKjoZaT0PfJkOKY73uLcT/vK7B 4L4/E1FikEds+VFgJMGYLGqToVCcoZwSypid11C0c7AxVZShXU/BlvfWq26SVrXiuRXvqVqq3WZryMMFXMI1eHAHNXiABjSBQQJv8Al fTui8Ou/OxzKac7I757AC5/sPwtiNLg==</latexit><latexit sha1_base64="TfXU/rvChxIRBeoWO4rPxuOCY4A="> AAAB63icbVDLSgMxFL1TX7W+qi7dBFvBhZSZIuiy0I3uKtgHtKVk0kwbmnmQ3Ail9CsEFyLoxp/xD/wb0+ls2nogcDjnJLnn+okUGl33 18ltbe/s7uX3CweHR8cnxdOzlo6NYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/Ul/47ReutIijZ5wmvB/SUSQCwShaqVc3SvEIb0j5sTwo ltyKm4JsEi8jJcjQGBR/esOYmdA+wCTVuuu5CfZnVKFgks8LPaN5QtmEjvgsnXROrqw0JEGs7ImQpOpKjoZaT0PfJkOKY73uLcT/vK7B 4L4/E1FikEds+VFgJMGYLGqToVCcoZwSypid11C0c7AxVZShXU/BlvfWq26SVrXiuRXvqVqq3WZryMMFXMI1eHAHNXiABjSBQQJv8Al fTui8Ou/OxzKac7I757AC5/sPwtiNLg==</latexit><latexit sha1_base64="TfXU/rvChxIRBeoWO4rPxuOCY4A="> AAAB63icbVDLSgMxFL1TX7W+qi7dBFvBhZSZIuiy0I3uKtgHtKVk0kwbmnmQ3Ail9CsEFyLoxp/xD/wb0+ls2nogcDjnJLnn+okUGl33 18ltbe/s7uX3CweHR8cnxdOzlo6NYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/Ul/47ReutIijZ5wmvB/SUSQCwShaqVc3SvEIb0j5sTwo ltyKm4JsEi8jJcjQGBR/esOYmdA+wCTVuuu5CfZnVKFgks8LPaN5QtmEjvgsnXROrqw0JEGs7ImQpOpKjoZaT0PfJkOKY73uLcT/vK7B 4L4/E1FikEds+VFgJMGYLGqToVCcoZwSypid11C0c7AxVZShXU/BlvfWq26SVrXiuRXvqVqq3WZryMMFXMI1eHAHNXiABjSBQQJv8Al fTui8Ou/OxzKac7I757AC5/sPwtiNLg==</latexit><latexit sha1_base64="TfXU/rvChxIRBeoWO4rPxuOCY4A="> AAAB63icbVDLSgMxFL1TX7W+qi7dBFvBhZSZIuiy0I3uKtgHtKVk0kwbmnmQ3Ail9CsEFyLoxp/xD/wb0+ls2nogcDjnJLnn+okUGl33 18ltbe/s7uX3CweHR8cnxdOzlo6NYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/Ul/47ReutIijZ5wmvB/SUSQCwShaqVc3SvEIb0j5sTwo ltyKm4JsEi8jJcjQGBR/esOYmdA+wCTVuuu5CfZnVKFgks8LPaN5QtmEjvgsnXROrqw0JEGs7ImQpOpKjoZaT0PfJkOKY73uLcT/vK7B 4L4/E1FikEds+VFgJMGYLGqToVCcoZwSypid11C0c7AxVZShXU/BlvfWq26SVrXiuRXvqVqq3WZryMMFXMI1eHAHNXiABjSBQQJv8Al fTui8Ou/OxzKac7I757AC5/sPwtiNLg==</latexit>
E
<latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit><latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit><latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit><latexit sha1_base64="S5Yr/0KVjxK9bbXkhNokzfq3TxU="> AAACA3icbVDLSsNAFJ3UV42vqEs3oUUQFyUpgi4LIrisYB/QlDKZ3LRDJ5M4MxFC6FLwXwQXIujGH/AP/BunbRa29cDA4Zwz3HuunzAq leP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj++nvqdRxCSxvxeZQn0IzzkNKQEKy0NrIrnw5DyHB44 FgJn5xPzxgMe/BEGVtWpOTPYq8QtSBUVaA6sby+ISRoBV4RhKXuuk6h+joWihMHE9FIJCSZjPIR81mBin2opsMNY6MeVPVMXcjiSMot8 nYywGsllbyr+5/VSFV71c8qTVAEn80FhymwV29Nz2AEVQBTLbEyI3jfFSu9BRlhgovTZTF3eXa66Str1muvU3Lt6tXFRnKGMTlAFnSE XXaIGukVN1EIEPaNX9IE+jSfjxXgz3ufRklH8OUYLML5+AVzvl8g=</latexit>
k
<latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit><latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit><latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit><latexit sha1_base64="07cOzii0cVO2l3jPE0Nw+sYbHvQ="> AAACBHicbVDLSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT 2nF+rNLa+sbmVnnb3tnd2z+oHB61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwI IiXJLib22PZABH8Uk3Jqzgx4lbgFqaICzUHl2wtimkYgNOVEqZ7rJLqfE6kZ5TCxvVRBQuiYDCGfVZjgMyMFOIyleULjmbqQI5FSWeSb ZET0SC17U/E/r5fq8LqfM5GkGgSdDwpTjnWMp/fAAZNANc8wodTsmxJt9qAjIgnV5m62Ke8uV10l7XrNNfyuXm1cFmcooxN0is6Ri65 QA92iJmohip7RK/pAn9aT9WK9We/zaMkq/hyjBVhfv9OZmAI=</latexit>
U(x)
<latexit sha1_base64="76NzaB/SwtzJn1hH3JeAYrKVHas="> AAADGXicbVJdaxQxFM2OX3W12qpvvgQHoYKUyVawj6siCCJUcNvCZKx3splpaJIZkkzrMsz/EHzSf+Kb+OqTP8R3MzMLdT8uJDmce07u zSVpKYV1UfRnEFy5eu36jY2bw1u3N+/c3dq+d2iLyjA+YYUszHEKlkuh+cQJJ/lxaTioVPKj9OxVmz8658aKQn9ws5InCnItMsHAeeoj VeBOGch60ux8fnKyFUa7URd4FZA5CMcPsuwTQujgZHvwl04LVimuHZNgbUyi0iU1GCeY5M2QVpaXwM4g57GHGhS3Sd213eDHnpnirDB+ aYc79n9HDcramUq9sm3TLudacl0urly2n9RCl5XjmvWFskpiV+B2BngqDGdOzjwAZoTvFbNTMMCcn9SQan7BCqVAT2v6lrsmJklN/RA dxiHB1IDO/ds2F3QvDfQ62WU7YWtZkr0D91o28d6qEIej+bm3vsILVTbx6NJIn3qv3zqXP/0FLbferEowfX8KTO4nA6amfoBSYip8TdI sVzvPF97T9nl5t/8oZPlbrILD0S7x+D0Jx89QHxvoIXqEdhBBz9EYvUEHaIIYMugL+oa+B1+DH8HP4FcvDQZzz320EMHvf6lo/QA=</l atexit><latexit sha1_base64="Iru1eSKH3jy4Zk74UmTJ9Lft3G0="> AAADGXicbVJdaxQxFM2OX3W1tlXffAkOQgUpk63QPq6KIIhQwW0Lk7HcyWamoUlmSDLVZZj/Ifik/8Q38dUnf4jvZmYW6n5cSHI495zc m0vSUgrroujPILh2/cbNWxu3h3fubt7b2t65f2yLyjA+YYUszGkKlkuh+cQJJ/lpaTioVPKT9OJVmz+55MaKQn9ws5InCnItMsHAeeoj VeDOGch60ux+fnq2HUZ7URd4FZA5CMcPsy6OznYGf+m0YJXi2jEJ1sYkKl1Sg3GCSd4MaWV5CewCch57qEFxm9Rd2w1+4pkpzgrjl3a4 Y/931KCsnanUK9s27XKuJdfl4splh0ktdFk5rllfKKskdgVuZ4CnwnDm5MwDYEb4XjE7BwPM+UkNqeafWKEU6GlN33LXxCSpqR+iwzg kmBrQuX/b5oLupYFeJ7tsJ2wtS7J34F7LJt5fFeJwND/311d4ocomHl0Z6TPv9Vvn8qe/oOXWm1UJpu9Pgcn9ZMDU1A9QSkyFr0ma5Wq X+cJ72j6v7vYfhSx/i1VwPNojHr8n4fg56mMDPUKP0S4i6ACN0Rt0hCaIIYO+oG/oe/A1+BH8DH710mAw9zxACxH8/geuUf44</latex it><latexit sha1_base64="Iru1eSKH3jy4Zk74UmTJ9Lft3G0="> AAADGXicbVJdaxQxFM2OX3W1tlXffAkOQgUpk63QPq6KIIhQwW0Lk7HcyWamoUlmSDLVZZj/Ifik/8Q38dUnf4jvZmYW6n5cSHI495zc m0vSUgrroujPILh2/cbNWxu3h3fubt7b2t65f2yLyjA+YYUszGkKlkuh+cQJJ/lpaTioVPKT9OJVmz+55MaKQn9ws5InCnItMsHAeeoj VeDOGch60ux+fnq2HUZ7URd4FZA5CMcPsy6OznYGf+m0YJXi2jEJ1sYkKl1Sg3GCSd4MaWV5CewCch57qEFxm9Rd2w1+4pkpzgrjl3a4 Y/931KCsnanUK9s27XKuJdfl4splh0ktdFk5rllfKKskdgVuZ4CnwnDm5MwDYEb4XjE7BwPM+UkNqeafWKEU6GlN33LXxCSpqR+iwzg kmBrQuX/b5oLupYFeJ7tsJ2wtS7J34F7LJt5fFeJwND/311d4ocomHl0Z6TPv9Vvn8qe/oOXWm1UJpu9Pgcn9ZMDU1A9QSkyFr0ma5Wq X+cJ72j6v7vYfhSx/i1VwPNojHr8n4fg56mMDPUKP0S4i6ACN0Rt0hCaIIYO+oG/oe/A1+BH8DH710mAw9zxACxH8/geuUf44</latex it><latexit sha1_base64="FZaTzCLqR4vJI/NgujYLcR/v7bM="> AAADGXicbVJda9RAFJ2NX3W12uqjL4NBqCAl2Qr2sSqCIEIFty1kYrmZnU2HzkzCzKR1Cfkfgk/6T3wTX33yh/juTTZQ9+NCMod7z5l7 53CzUknno+jPILh2/cbNWxu3h3fubt67v7X94MgVleVizAtV2JMMnFDSiLGXXomT0grQmRLH2fnrtn58IayThfnoZ6VINeRGTiUHj6lP TIM/46DqcbPz+enpVhjtRl3QVRD3ICR9HJ5uD/6yScErLYznCpxL4qj0aQ3WS65EM2SVEyXwc8hFgtCAFi6tu7Eb+gQzEzotLH7G0y77 v6IG7dxMZ8hsx3TLtTa5rpZUfrqf1tKUlReGzxtNK0V9QVsP6ERawb2aIQBuJc5K+RlY4B6dGjIjLnmhNZhJzd4J3yRxWjM00VMaxpR ZMDm+bXOB98rCnKe6akdsJUu09+DfqCbZWyXScNSfe+s7vNRlk4yuhOwZavHXqfDEC9rcerEuwc7n02BzdAZszdBApSiT2DNulrtd5Av vaee8uhsXJV5ei1VwNNqNEX+Iw4Pn/cpskEfkMdkhMXlBDshbckjGhBNLvpBv5HvwNfgR/Ax+zanBoNc8JAsR/P4H7L77gA==</latex it>
U
<latexit sha1_base64="RefIZB/x+Rnh6QN41nmEi59lTHE="> AAADFnicbVJNaxUxFM0bv+rTaqtLN8FBcCFl5rWgO6siCCJU8LWFyVDu5OVNQ5PMkGQqj2F+hmA36t9w407cuvWHuPfOzIP6Pi4kOZx7 Tu7NJVmppPNR9GcQXLl67fqNjZvDW7c379zd2r536IrKcjHmhSrscQZOKGnE2EuvxHFpBehMiaPs7FWbPzoX1snCfPCzUqQaciOnkoNH KmEa/CkHVY+bk60w2om6oKsgnoPw+feLi2+EkIOT7cFfNil4pYXxXIFzSRyVPq3BesmVaIascqIEfga5SBAa0MKldddzQx8hM6HTwuIy nnbs/44atHMznaGy7dEt51pyXS6p/PRZWktTVl4Y3heaVor6grYDoBNpBfdqhgC4ldgr5adggXsc05AZ8ZEXWoOZ1Oyt8E0SpzXDCXp Kw5gyCybHt20u6F5a6HWqy3bC1rIkewf+tWqS3VUhDUfzc3d9hRe6bJLRpZE9QS9unQtPvKDl1pt1CbbvT4PNcTJga4YDVIoyiTXjZrn aeb7wnrbPy7vxo8TL32IVHI52YsTv43B/j/SxQR6Qh+QxiclTsk/ekAMyJpwU5BP5Qr4Gn4Mfwc/gVy8NBnPPfbIQwe9/SUD9Yw==</l atexit><latexit sha1_base64="A5SqmwWyOj4h2B1GDF4w3ggS/Ks="> AAADFnicbVJNaxUxFM0bP1qfVltdugkOggspM6+C7loVQRChgq8tTIZyJy9vGppkhiRTeQzzMwR1ob/DjTtx69Yf4t47Mw/q+7iQ5HDu Obk3l2Slks5H0Z9BcOXqtesbmzeGN29t3b6zvXP3yBWV5WLMC1XYkwycUNKIsZdeiZPSCtCZEsfZ+cs2f3whrJOFee9npUg15EZOJQeP VMI0+DMOqh43p9thtBt1QVdBPAfh/vfPbXw5PN0Z/GWTgldaGM8VOJfEUenTGqyXXIlmyConSuDnkIsEoQEtXFp3PTf0ITITOi0sLuNp x/7vqEE7N9MZKtse3XKuJdflkspPn6W1NGXlheF9oWmlqC9oOwA6kVZwr2YIgFuJvVJ+Bha4xzENmREfeKE1mEnN3gjfJHFaM5ygpzS MKbNgcnzb1oLuhYVep7psJ2wtS7K34F+pJtlbFdJwND/31ld4rssmGV0a2WP04ta58MQLWm69WZdg+/402BwnA7ZmOEClKJNYM26Wq13 kC+9p+7y8Gz9KvPwtVsHRaDdG/C4OD56QPjbJffKAPCIxeUoOyGtySMaEk4J8JF/Jt+BT8CP4GfzqpcFg7rlHFiL4/Q+rT/8o</latex it><latexit sha1_base64="A5SqmwWyOj4h2B1GDF4w3ggS/Ks="> AAADFnicbVJNaxUxFM0bP1qfVltdugkOggspM6+C7loVQRChgq8tTIZyJy9vGppkhiRTeQzzMwR1ob/DjTtx69Yf4t47Mw/q+7iQ5HDu Obk3l2Slks5H0Z9BcOXqtesbmzeGN29t3b6zvXP3yBWV5WLMC1XYkwycUNKIsZdeiZPSCtCZEsfZ+cs2f3whrJOFee9npUg15EZOJQeP VMI0+DMOqh43p9thtBt1QVdBPAfh/vfPbXw5PN0Z/GWTgldaGM8VOJfEUenTGqyXXIlmyConSuDnkIsEoQEtXFp3PTf0ITITOi0sLuNp x/7vqEE7N9MZKtse3XKuJdflkspPn6W1NGXlheF9oWmlqC9oOwA6kVZwr2YIgFuJvVJ+Bha4xzENmREfeKE1mEnN3gjfJHFaM5ygpzS MKbNgcnzb1oLuhYVep7psJ2wtS7K34F+pJtlbFdJwND/31ld4rssmGV0a2WP04ta58MQLWm69WZdg+/402BwnA7ZmOEClKJNYM26Wq13 kC+9p+7y8Gz9KvPwtVsHRaDdG/C4OD56QPjbJffKAPCIxeUoOyGtySMaEk4J8JF/Jt+BT8CP4GfzqpcFg7rlHFiL4/Q+rT/8o</latex it><latexit sha1_base64="rGDyVLYmX8I3oV0ZwYt+jVNoy+w="> AAADFnicbVJNa9VAFJ0XP1qfVltduhkMggspyaugy2oRBBEq+NpCJpSbefPSoTOTMDNpeYT8jEJX9Z+4E7du/SHuvckL1PdxIZnDvefM vXO4Wamk81H0ZxDcuXvv/sbmg+HDR1uPn2zvPD1yRWW5GPNCFfYkAyeUNGLspVfipLQCdKbEcXZ+0NaPL4R1sjDf/KwUqYbcyKnk4DGV MA3+jIOqx83pdhjtRl3QVRD3ICR9HJ7uDP6yScErLYznCpxL4qj0aQ3WS65EM2SVEyXwc8hFgtCAFi6tu5kb+hIzEzotLH7G0y77v6IG 7dxMZ8hsZ3TLtTa5rpZUfvouraUpKy8MnzeaVor6grYG0Im0gns1QwDcSpyV8jOwwD3aNGRGXPJCazCTmn0WvknitGbooKc0jCmzYHJ 829YC74OFOU911Y7YSpZoX8B/VE2yt0qk4ag/99Z3eK/LJhndCtlr1OKvU+GJF7S59WJdgp3Pp8Hm6AzYmqGBSlEmsWfcLHe7yBfe085 5ezcuSry8FqvgaLQbI/4ah/tv+pXZJM/JC/KKxOQt2SefyCEZE04KckVuyPfgOvgR/Ax+zanBoNc8IwsR/P4HVg36mQ==</latexit>
U
<latexit sha1_base64="RefIZB/x+Rnh6QN41nmEi59lTHE="> AAADFnicbVJNaxUxFM0bv+rTaqtLN8FBcCFl5rWgO6siCCJU8LWFyVDu5OVNQ5PMkGQqj2F+hmA36t9w407cuvWHuPfOzIP6Pi4kOZx7 Tu7NJVmppPNR9GcQXLl67fqNjZvDW7c379zd2r536IrKcjHmhSrscQZOKGnE2EuvxHFpBehMiaPs7FWbPzoX1snCfPCzUqQaciOnkoNH KmEa/CkHVY+bk60w2om6oKsgnoPw+feLi2+EkIOT7cFfNil4pYXxXIFzSRyVPq3BesmVaIascqIEfga5SBAa0MKldddzQx8hM6HTwuIy nnbs/44atHMznaGy7dEt51pyXS6p/PRZWktTVl4Y3heaVor6grYDoBNpBfdqhgC4ldgr5adggXsc05AZ8ZEXWoOZ1Oyt8E0SpzXDCXp Kw5gyCybHt20u6F5a6HWqy3bC1rIkewf+tWqS3VUhDUfzc3d9hRe6bJLRpZE9QS9unQtPvKDl1pt1CbbvT4PNcTJga4YDVIoyiTXjZrn aeb7wnrbPy7vxo8TL32IVHI52YsTv43B/j/SxQR6Qh+QxiclTsk/ekAMyJpwU5BP5Qr4Gn4Mfwc/gVy8NBnPPfbIQwe9/SUD9Yw==</l atexit><latexit sha1_base64="A5SqmwWyOj4h2B1GDF4w3ggS/Ks="> AAADFnicbVJNaxUxFM0bP1qfVltdugkOggspM6+C7loVQRChgq8tTIZyJy9vGppkhiRTeQzzMwR1ob/DjTtx69Yf4t47Mw/q+7iQ5HDu Obk3l2Slks5H0Z9BcOXqtesbmzeGN29t3b6zvXP3yBWV5WLMC1XYkwycUNKIsZdeiZPSCtCZEsfZ+cs2f3whrJOFee9npUg15EZOJQeP VMI0+DMOqh43p9thtBt1QVdBPAfh/vfPbXw5PN0Z/GWTgldaGM8VOJfEUenTGqyXXIlmyConSuDnkIsEoQEtXFp3PTf0ITITOi0sLuNp x/7vqEE7N9MZKtse3XKuJdflkspPn6W1NGXlheF9oWmlqC9oOwA6kVZwr2YIgFuJvVJ+Bha4xzENmREfeKE1mEnN3gjfJHFaM5ygpzS MKbNgcnzb1oLuhYVep7psJ2wtS7K34F+pJtlbFdJwND/31ld4rssmGV0a2WP04ta58MQLWm69WZdg+/402BwnA7ZmOEClKJNYM26Wq13 kC+9p+7y8Gz9KvPwtVsHRaDdG/C4OD56QPjbJffKAPCIxeUoOyGtySMaEk4J8JF/Jt+BT8CP4GfzqpcFg7rlHFiL4/Q+rT/8o</latex it><latexit sha1_base64="A5SqmwWyOj4h2B1GDF4w3ggS/Ks="> AAADFnicbVJNaxUxFM0bP1qfVltdugkOggspM6+C7loVQRChgq8tTIZyJy9vGppkhiRTeQzzMwR1ob/DjTtx69Yf4t47Mw/q+7iQ5HDu Obk3l2Slks5H0Z9BcOXqtesbmzeGN29t3b6zvXP3yBWV5WLMC1XYkwycUNKIsZdeiZPSCtCZEsfZ+cs2f3whrJOFee9npUg15EZOJQeP VMI0+DMOqh43p9thtBt1QVdBPAfh/vfPbXw5PN0Z/GWTgldaGM8VOJfEUenTGqyXXIlmyConSuDnkIsEoQEtXFp3PTf0ITITOi0sLuNp x/7vqEE7N9MZKtse3XKuJdflkspPn6W1NGXlheF9oWmlqC9oOwA6kVZwr2YIgFuJvVJ+Bha4xzENmREfeKE1mEnN3gjfJHFaM5ygpzS MKbNgcnzb1oLuhYVep7psJ2wtS7K34F+pJtlbFdJwND/31ld4rssmGV0a2WP04ta58MQLWm69WZdg+/402BwnA7ZmOEClKJNYM26Wq13 kC+9p+7y8Gz9KvPwtVsHRaDdG/C4OD56QPjbJffKAPCIxeUoOyGtySMaEk4J8JF/Jt+BT8CP4GfzqpcFg7rlHFiL4/Q+rT/8o</latex it><latexit sha1_base64="rGDyVLYmX8I3oV0ZwYt+jVNoy+w="> AAADFnicbVJNa9VAFJ0XP1qfVltduhkMggspyaugy2oRBBEq+NpCJpSbefPSoTOTMDNpeYT8jEJX9Z+4E7du/SHuvckL1PdxIZnDvefM vXO4Wamk81H0ZxDcuXvv/sbmg+HDR1uPn2zvPD1yRWW5GPNCFfYkAyeUNGLspVfipLQCdKbEcXZ+0NaPL4R1sjDf/KwUqYbcyKnk4DGV MA3+jIOqx83pdhjtRl3QVRD3ICR9HJ7uDP6yScErLYznCpxL4qj0aQ3WS65EM2SVEyXwc8hFgtCAFi6tu5kb+hIzEzotLH7G0y77v6IG 7dxMZ8hsZ3TLtTa5rpZUfvouraUpKy8MnzeaVor6grYG0Im0gns1QwDcSpyV8jOwwD3aNGRGXPJCazCTmn0WvknitGbooKc0jCmzYHJ 829YC74OFOU911Y7YSpZoX8B/VE2yt0qk4ag/99Z3eK/LJhndCtlr1OKvU+GJF7S59WJdgp3Pp8Hm6AzYmqGBSlEmsWfcLHe7yBfe085 5ezcuSry8FqvgaLQbI/4ah/tv+pXZJM/JC/KKxOQt2SefyCEZE04KckVuyPfgOvgR/Ax+zanBoNc8IwsR/P4HVg36mQ==</latexit>
I 6= 0
<latexit sha1_base64="HSuB0k5l8oU8XpXMp+LMDDAfhuc="> AAAB6nicbVDLSgMxFL1TX7W+qi7dBFvBVZkpgi4LbnRXwT6gLSWTZtrQTDImd4RS+hOCCxF049f4B/6NaTsbWw8EDueccO+5YSKFRd// 8XIbm1vbO/ndwt7+weFR8fikaXVqGG8wLbVph9RyKRRvoEDJ24nhNA4lb4Xj27nfeubGCq0ecZLwXkyHSkSCUXRSp3xPuoo/EeKX+8WS X/EXIOskyEgJMtT7xe/uQLM05gqZpNZ2Aj/B3pQaFEzyWaGbWp5QNqZDPl0sOiMXThqQSBv3FJKF+idHY2snceiSMcWRXfXm4n9eJ8Xo pjcVKkmRK7YcFKWSoCbz1mQgDGcoJ4Qy5vZNKbo92IgaytBdp+DKB6tV10mzWgkcf6iWalfZGfJwBudwCQFcQw3uoA4NYKDhFT7g05P ei/fmvS+jOS/7cwp/4H39Ahm0jCU=</latexit><latexit sha1_base64="HSuB0k5l8oU8XpXMp+LMDDAfhuc="> AAAB6nicbVDLSgMxFL1TX7W+qi7dBFvBVZkpgi4LbnRXwT6gLSWTZtrQTDImd4RS+hOCCxF049f4B/6NaTsbWw8EDueccO+5YSKFRd// 8XIbm1vbO/ndwt7+weFR8fikaXVqGG8wLbVph9RyKRRvoEDJ24nhNA4lb4Xj27nfeubGCq0ecZLwXkyHSkSCUXRSp3xPuoo/EeKX+8WS X/EXIOskyEgJMtT7xe/uQLM05gqZpNZ2Aj/B3pQaFEzyWaGbWp5QNqZDPl0sOiMXThqQSBv3FJKF+idHY2snceiSMcWRXfXm4n9eJ8Xo pjcVKkmRK7YcFKWSoCbz1mQgDGcoJ4Qy5vZNKbo92IgaytBdp+DKB6tV10mzWgkcf6iWalfZGfJwBudwCQFcQw3uoA4NYKDhFT7g05P ei/fmvS+jOS/7cwp/4H39Ahm0jCU=</latexit><latexit sha1_base64="HSuB0k5l8oU8XpXMp+LMDDAfhuc="> AAAB6nicbVDLSgMxFL1TX7W+qi7dBFvBVZkpgi4LbnRXwT6gLSWTZtrQTDImd4RS+hOCCxF049f4B/6NaTsbWw8EDueccO+5YSKFRd// 8XIbm1vbO/ndwt7+weFR8fikaXVqGG8wLbVph9RyKRRvoEDJ24nhNA4lb4Xj27nfeubGCq0ecZLwXkyHSkSCUXRSp3xPuoo/EeKX+8WS X/EXIOskyEgJMtT7xe/uQLM05gqZpNZ2Aj/B3pQaFEzyWaGbWp5QNqZDPl0sOiMXThqQSBv3FJKF+idHY2snceiSMcWRXfXm4n9eJ8Xo pjcVKkmRK7YcFKWSoCbz1mQgDGcoJ4Qy5vZNKbo92IgaytBdp+DKB6tV10mzWgkcf6iWalfZGfJwBudwCQFcQw3uoA4NYKDhFT7g05P ei/fmvS+jOS/7cwp/4H39Ahm0jCU=</latexit><latexit sha1_base64="HSuB0k5l8oU8XpXMp+LMDDAfhuc="> AAAB6nicbVDLSgMxFL1TX7W+qi7dBFvBVZkpgi4LbnRXwT6gLSWTZtrQTDImd4RS+hOCCxF049f4B/6NaTsbWw8EDueccO+5YSKFRd// 8XIbm1vbO/ndwt7+weFR8fikaXVqGG8wLbVph9RyKRRvoEDJ24nhNA4lb4Xj27nfeubGCq0ecZLwXkyHSkSCUXRSp3xPuoo/EeKX+8WS X/EXIOskyEgJMtT7xe/uQLM05gqZpNZ2Aj/B3pQaFEzyWaGbWp5QNqZDPl0sOiMXThqQSBv3FJKF+idHY2snceiSMcWRXfXm4n9eJ8Xo pjcVKkmRK7YcFKWSoCbz1mQgDGcoJ4Qy5vZNKbo92IgaytBdp+DKB6tV10mzWgkcf6iWalfZGfJwBudwCQFcQw3uoA4NYKDhFT7g05P ei/fmvS+jOS/7cwp/4H39Ahm0jCU=</latexit>
I = 0
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FIG. 1. Current-induced gap opening on the edge of an inter-
acting two-dimensional topological insulator. In equilibrium,
the edge hosts a one-dimensional gapless helical mode (upper
left). When a current is driven through the system, a net
spin polarization develops due to spin-orbit coupling (upper
right, bottom). Due to electron-electron interactions, the spin
polarization induces a nonvanishing internal exchange field,
which acts back via the momentum-dependent spin quanti-
zation axis [Eq. (1)] to open a gap in the helical dispersion
(upper right). Once Kramers’s degeneracy is lifted, the edge
mode is no longer protected against elastic backscattering by
a disorder potential, U(x) (red stars).
back mechanism through which the current may modify
the spectrum itself. Crucially, due to the spin-orbit cou-
pling that is naturally present in TI materials, the applied
current also carries a spin polarization [30, 31]. Through
electron-electron interactions, the spin polarization gen-
erates an internal exchange field that can open a gap in
the surface state dispersion (see Fig. 1).
The gap opening mechanism that we discuss is general,
and can be applied to the surface states of both two-
dimensional (2D) and three-dimensional (3D) TIs. The
nontrivial portion of the feedback, which leads to a gap,
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2is mediated through the part of the spin-orbit coupling
that causes the spin helicity axis to rotate as a func-
tion of energy [32–34]. We first illustrate the mechanism
of current-induced gap opening for the case of the one-
dimensional helical edge states of a 2D TI. We investigate
the dependence of backscattering due to nonmagnetic im-
purities on the applied current, and discuss the resulting
nonlinear current-voltage characteristic. We then discuss
the extension of this mechanism to the 2D surface states
of 3D TIs.
A generic one-dimensional (1D) helical mode on the
edge of a 2D TI is characterized by a dispersion relation
and a spin helicity axis that determines the directions of
the spinor eigenstates for right (r) and left (l) movers as
a function of the electronic wave number (momentum)
k parallel to the edge [32]. Time reversal symmetry im-
poses the constraints that the energy of the left mover
at momentum −k must be equal to the energy of the
right mover at momentum k, and that their associated
spins must be opposite. The latter condition ensures that
elastic backscattering by nonmagnetic impurities is for-
bidden due to the orthogonality of the initial and final
spin states [35]. Generically, the spin helicity axes at
different values of k are not parallel [32–34].
To illustrate current-induced gap opening, we consider
a minimal model that exhibits the necessary ingredients
of (i) TRS, (ii) a k-dependent spin-helicity axis, and (iii)
electron-electron interactions. We focus our attention on
an extended single edge of a 2D TI, assuming that the
sample is wide enough to prohibit interedge scattering
(cf. [36]). At the single-particle level, the system is de-
scribed by the Hamiltonian [32–34, 37]:
H1D(k) = ~vkσz + λk3σx, (1)
where v is the velocity at small k, and σ = (σx, σy, σz)
is the vector of Pauli matrices describing the electron
spin. The parameter λ controls the rate of rotation of
the spin helicity axis as a function of k. The edge mode
dispersion relation corresponding to Eq. (1) is given by
εr(k) = sign(k)
√
(~vk)2 + (λk3)2, εl(−k) = εr(k) [see
Fig. 2a)]. At zero temperature, the states are filled up to
the chemical potential, µ0, which we take to be greater
than zero (without loss of generality).
Current-induced gap opening arises via the spin polar-
ization that naturally accompanies a net current in the
system, due to the spin-orbit coupling in Eq. (1). Con-
sider a homogeneous, nonequilibrium setting in which a
current I flows due to an imbalance of chemical poten-
tials µl and µr in the left- and right-moving modes, re-
spectively [see Fig. 2a)]: µr = µ¯ − δµ/2, µl = µ¯ + δµ/2,
where µ¯ is the average chemical potential on the edge.
The current I is proportional to δµ. We will work in the
limit where λ ~3v3/µ¯2 and where δµ µ¯, for simplic-
ity. In this regime, we obtain the spin polarization and
induced gap analytically, to linear order in λ and δµ.
k
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µ0
<latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVDLSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXI ujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpkg0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4RhKXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC 5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2ZOry7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit><latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVDLSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXI ujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpkg0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4RhKXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC 5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2ZOry7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit><latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVDLSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXI ujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpkg0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4RhKXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC 5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2ZOry7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit><latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVDLSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXI ujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpkg0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4RhKXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC 5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2ZOry7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit>
L
<latexit sha1_base64="5BUmGpRhPQkTYR/gk7vSZBF+ibM=">AAACBHicbVDLSsNAFJ34rPFVdelmsAjioiRF0GXBjQsXFewDmlImk5t26GQSZyZCCN0K/ovgQ gTd+AH+gX/jtM3Cth4YOJxzhnvP9RPOlHacH2tldW19Y7O0ZW/v7O7tlw8OWypOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sfXU/89iNIxWJxr7MEehEZCBYySrSR+uWK58OAiRweBJGSZOdj+9b2QAR/FJNyqs4UeJm4BamgAo1++dsLYppGIDTlRKmu6yS6lxOpGeUwtr1UQULoiAwgn1YY41MjBTiMpXlC46k6lyORUlnkm2RE9FAteh PxP6+b6vCqlzORpBoEnQ0KU451jCf3wAGTQDXPMKHU7JsSbfagQyIJ1eZutinvLlZdJq1a1XWq7l2tUr8ozlBCx+gEnSEXXaI6ukEN1EQUPaNX9IE+rSfrxXqz3mfRFav4c4TmYH39AqOjl+M=</latexit><latexit sha1_base64="5BUmGpRhPQkTYR/gk7vSZBF+ibM=">AAACBHicbVDLSsNAFJ34rPFVdelmsAjioiRF0GXBjQsXFewDmlImk5t26GQSZyZCCN0K/ovgQ gTd+AH+gX/jtM3Cth4YOJxzhnvP9RPOlHacH2tldW19Y7O0ZW/v7O7tlw8OWypOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sfXU/89iNIxWJxr7MEehEZCBYySrSR+uWK58OAiRweBJGSZOdj+9b2QAR/FJNyqs4UeJm4BamgAo1++dsLYppGIDTlRKmu6yS6lxOpGeUwtr1UQULoiAwgn1YY41MjBTiMpXlC46k6lyORUlnkm2RE9FAteh PxP6+b6vCqlzORpBoEnQ0KU451jCf3wAGTQDXPMKHU7JsSbfagQyIJ1eZutinvLlZdJq1a1XWq7l2tUr8ozlBCx+gEnSEXXaI6ukEN1EQUPaNX9IE+rSfrxXqz3mfRFav4c4TmYH39AqOjl+M=</latexit><latexit sha1_base64="5BUmGpRhPQkTYR/gk7vSZBF+ibM=">AAACBHicbVDLSsNAFJ34rPFVdelmsAjioiRF0GXBjQsXFewDmlImk5t26GQSZyZCCN0K/ovgQ gTd+AH+gX/jtM3Cth4YOJxzhnvP9RPOlHacH2tldW19Y7O0ZW/v7O7tlw8OWypOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sfXU/89iNIxWJxr7MEehEZCBYySrSR+uWK58OAiRweBJGSZOdj+9b2QAR/FJNyqs4UeJm4BamgAo1++dsLYppGIDTlRKmu6yS6lxOpGeUwtr1UQULoiAwgn1YY41MjBTiMpXlC46k6lyORUlnkm2RE9FAteh PxP6+b6vCqlzORpBoEnQ0KU451jCf3wAGTQDXPMKHU7JsSbfagQyIJ1eZutinvLlZdJq1a1XWq7l2tUr8ozlBCx+gEnSEXXaI6ukEN1EQUPaNX9IE+rSfrxXqz3mfRFav4c4TmYH39AqOjl+M=</latexit><latexit sha1_base64="5BUmGpRhPQkTYR/gk7vSZBF+ibM=">AAACBHicbVDLSsNAFJ34rPFVdelmsAjioiRF0GXBjQsXFewDmlImk5t26GQSZyZCCN0K/ovgQ gTd+AH+gX/jtM3Cth4YOJxzhnvP9RPOlHacH2tldW19Y7O0ZW/v7O7tlw8OWypOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sfXU/89iNIxWJxr7MEehEZCBYySrSR+uWK58OAiRweBJGSZOdj+9b2QAR/FJNyqs4UeJm4BamgAo1++dsLYppGIDTlRKmu6yS6lxOpGeUwtr1UQULoiAwgn1YY41MjBTiMpXlC46k6lyORUlnkm2RE9FAteh PxP6+b6vCqlzORpBoEnQ0KU451jCf3wAGTQDXPMKHU7JsSbfagQyIJ1eZutinvLlZdJq1a1XWq7l2tUr8ozlBCx+gEnSEXXaI6ukEN1EQUPaNX9IE+rSfrxXqz3mfRFav4c4TmYH39AqOjl+M=</latexit>0
<latexit sha1_base64="84KKedC4FNxSwheXwI6rxb/MNJI=">AAACBHicbVD LSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT2nF+rNLa+sbmVnnb3tnd2z+oHB61VZx KCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwIIiXJLia2Y3sggj+KSTk1Zwa8StyCVFGB5qDy7QUxTSMQmnKiVM91 Et3PidSMcpjYXqogIXRMhpDPKkzwmZECHMbSPKHxTF3IkUipLPJNMiJ6pJa9qfif10t1eN3PmUhSDYLOB4UpxzrG03vggEmgmmeYUGr2TYk2e9ARkYRqczfblHeX q66Sdr3mOjX3rl5tXBZnKKMTdIrOkYuuUAPdoiZqIYqe0Sv6QJ/Wk/VivVnv82jJKv4cowVYX794U5fH</latexit><latexit sha1_base64="84KKedC4FNxSwheXwI6rxb/MNJI=">AAACBHicbVD LSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT2nF+rNLa+sbmVnnb3tnd2z+oHB61VZx KCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwIIiXJLia2Y3sggj+KSTk1Zwa8StyCVFGB5qDy7QUxTSMQmnKiVM91 Et3PidSMcpjYXqogIXRMhpDPKkzwmZECHMbSPKHxTF3IkUipLPJNMiJ6pJa9qfif10t1eN3PmUhSDYLOB4UpxzrG03vggEmgmmeYUGr2TYk2e9ARkYRqczfblHeX q66Sdr3mOjX3rl5tXBZnKKMTdIrOkYuuUAPdoiZqIYqe0Sv6QJ/Wk/VivVnv82jJKv4cowVYX794U5fH</latexit><latexit sha1_base64="84KKedC4FNxSwheXwI6rxb/MNJI=">AAACBHicbVD LSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT2nF+rNLa+sbmVnnb3tnd2z+oHB61VZx KCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwIIiXJLia2Y3sggj+KSTk1Zwa8StyCVFGB5qDy7QUxTSMQmnKiVM91 Et3PidSMcpjYXqogIXRMhpDPKkzwmZECHMbSPKHxTF3IkUipLPJNMiJ6pJa9qfif10t1eN3PmUhSDYLOB4UpxzrG03vggEmgmmeYUGr2TYk2e9ARkYRqczfblHeX q66Sdr3mOjX3rl5tXBZnKKMTdIrOkYuuUAPdoiZqIYqe0Sv6QJ/Wk/VivVnv82jJKv4cowVYX794U5fH</latexit><latexit sha1_base64="84KKedC4FNxSwheXwI6rxb/MNJI=">AAACBHicbVD LSsNAFJ3UV42vqks3g0UQFyUpgi4LblxWsA9oSplMbtqhk0mcmQghdCv4L4ILEXTjB/gH/o3TNgvbemDgcM4Z7j3XTzhT2nF+rNLa+sbmVnnb3tnd2z+oHB61VZx KCi0a81h2faKAMwEtzTSHbiKBRD6Hjj++mfqdR5CKxeJeZwn0IzIULGSUaCMNKlXPhyETOTwIIiXJLia2Y3sggj+KSTk1Zwa8StyCVFGB5qDy7QUxTSMQmnKiVM91 Et3PidSMcpjYXqogIXRMhpDPKkzwmZECHMbSPKHxTF3IkUipLPJNMiJ6pJa9qfif10t1eN3PmUhSDYLOB4UpxzrG03vggEmgmmeYUGr2TYk2e9ARkYRqczfblHeX q66Sdr3mOjX3rl5tXBZnKKMTdIrOkYuuUAPdoiZqIYqe0Sv6QJ/Wk/VivVnv82jJKv4cowVYX794U5fH</latexit>
eV
2
<latexit sha1_base64="/8rAcodHcrHCGZrs15mKSvdO3+o=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSKIi5oUQZcFNy4r2FZoS5lMb9qhk0mcuRFC6E8I/ovgQ gTd9A/8G6dtFrb1wMCZc+6duff4seAaXffHKqytb2xuFbdLO7t7+wf24VFTR4li0GCRiNSjTzUILqGBHAU8xgpo6Ato+aPbqd96BqV5JB8wjaEb0oHkAWcUjdSzLzs+DLjM4ElSpWh6MS51MFCUZdAcZ1VzA9n/4/bssltxZ3BWiZeTMslR79mTTj9iSQgSmaBatz03xm5GFXImwLyfaIgpG9EBZLN1xs6ZkfpOEClzJDozdaGOhlqnoW 8qQ4pDvexNxf+8doLBTTfjMk4QJJt/FCTCwciZZuP0uQKGInUoY2behKKZgw2piQNNhiWzvLe86ippViue4ffVcu0qj6FITsgpOSceuSY1ckfqpEEYeSXv5It8Wy/Wm/Vhfc5LC1bec0wWYE1+AY4onVg=</latexit><latexit sha1_base64="/8rAcodHcrHCGZrs15mKSvdO3+o=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSKIi5oUQZcFNy4r2FZoS5lMb9qhk0mcuRFC6E8I/ovgQ gTd9A/8G6dtFrb1wMCZc+6duff4seAaXffHKqytb2xuFbdLO7t7+wf24VFTR4li0GCRiNSjTzUILqGBHAU8xgpo6Ato+aPbqd96BqV5JB8wjaEb0oHkAWcUjdSzLzs+DLjM4ElSpWh6MS51MFCUZdAcZ1VzA9n/4/bssltxZ3BWiZeTMslR79mTTj9iSQgSmaBatz03xm5GFXImwLyfaIgpG9EBZLN1xs6ZkfpOEClzJDozdaGOhlqnoW 8qQ4pDvexNxf+8doLBTTfjMk4QJJt/FCTCwciZZuP0uQKGInUoY2behKKZgw2piQNNhiWzvLe86ippViue4ffVcu0qj6FITsgpOSceuSY1ckfqpEEYeSXv5It8Wy/Wm/Vhfc5LC1bec0wWYE1+AY4onVg=</latexit><latexit sha1_base64="/8rAcodHcrHCGZrs15mKSvdO3+o=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSKIi5oUQZcFNy4r2FZoS5lMb9qhk0mcuRFC6E8I/ovgQ gTd9A/8G6dtFrb1wMCZc+6duff4seAaXffHKqytb2xuFbdLO7t7+wf24VFTR4li0GCRiNSjTzUILqGBHAU8xgpo6Ato+aPbqd96BqV5JB8wjaEb0oHkAWcUjdSzLzs+DLjM4ElSpWh6MS51MFCUZdAcZ1VzA9n/4/bssltxZ3BWiZeTMslR79mTTj9iSQgSmaBatz03xm5GFXImwLyfaIgpG9EBZLN1xs6ZkfpOEClzJDozdaGOhlqnoW 8qQ4pDvexNxf+8doLBTTfjMk4QJJt/FCTCwciZZuP0uQKGInUoY2behKKZgw2piQNNhiWzvLe86ippViue4ffVcu0qj6FITsgpOSceuSY1ckfqpEEYeSXv5It8Wy/Wm/Vhfc5LC1bec0wWYE1+AY4onVg=</latexit><latexit sha1_base64="/8rAcodHcrHCGZrs15mKSvdO3+o=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSKIi5oUQZcFNy4r2FZoS5lMb9qhk0mcuRFC6E8I/ovgQ gTd9A/8G6dtFrb1wMCZc+6duff4seAaXffHKqytb2xuFbdLO7t7+wf24VFTR4li0GCRiNSjTzUILqGBHAU8xgpo6Ato+aPbqd96BqV5JB8wjaEb0oHkAWcUjdSzLzs+DLjM4ElSpWh6MS51MFCUZdAcZ1VzA9n/4/bssltxZ3BWiZeTMslR79mTTj9iSQgSmaBatz03xm5GFXImwLyfaIgpG9EBZLN1xs6ZkfpOEClzJDozdaGOhlqnoW 8qQ4pDvexNxf+8doLBTTfjMk4QJJt/FCTCwciZZuP0uQKGInUoY2behKKZgw2piQNNhiWzvLe86ippViue4ffVcu0qj6FITsgpOSceuSY1ckfqpEEYeSXv5It8Wy/Wm/Vhfc5LC1bec0wWYE1+AY4onVg=</latexit>µ0
<latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4Rh KXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2Z Ory7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit><latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4Rh KXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2Z Ory7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit><latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4Rh KXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2Z Ory7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit><latexit sha1_base64="2ZEnM6GtoAGTqsqWo6LY+fJv5UI=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPMd0wMe/mF9q+rUnOnYy8AtQRWV0/Stby9MSBYDV4Rh KXuuk6p+gYWihIHekklIMRnhARTTGGP7VFOhHSVCP67sKTvnw7GUeRxoZ4zVUC5qE/I/rZep6LpfUJ5mCjiZLYoyZqvEnnRih1QAUSy3MSH63gwrfQcZYoGJ0t2Z Ory7GHUZtOs1V+O7erVxWdZQQcfoBJ0jF12hBrpFTdRCBD2jV/SBPo0n48V4M95n1hWj/HOE5sb4+gWsJpmM</latexit>
µ¯(x)
<latexit sha1_base64="nf+x0gBCepMP+yNb1afH7Kj1O64=">AAACD3icbVD LSsNAFJ3UV42vqEs3wSJUFyUpgi4LblxWsA8wpdxMb9uhk0mcmYgl9CME/0VwIYJu9A/8G6ePhW29MHA45wz3nhMmnCnteT9WbmV1bX0jv2lvbe/s7jn7B3UVp5J ijcY8ls0QFHImsKaZ5thMJEIUcmyEg6ux3nhAqVgsbvUwwVYEPcG6jII2VNspBSH2mMjwXoCUMDwb2UEIMguidFR8PLUDFJ0/YtspeCVvMu4y8GegQGZTbTvfQSem aYRCUw5K3fleolsZSM0oR7MsVZgAHUAPs0makXtiqI7bjaV5QrsTds4HkVLDKDTOCHRfLWpj8j/tLtXdy1bGRJJqFHS6qJtyV8fuuBq3wyRSzYcuUGruTUGbO2gf JFBtKrRNeH8x6jKol0u+wTflQuV8VkOeHJFjUiQ+uSAVck2qpEYoeSav5IN8Wk/Wi/VmvU+tOWv255DMjfX1Cz5JnJU=</latexit><latexit sha1_base64="nf+x0gBCepMP+yNb1afH7Kj1O64=">AAACD3icbVD LSsNAFJ3UV42vqEs3wSJUFyUpgi4LblxWsA8wpdxMb9uhk0mcmYgl9CME/0VwIYJu9A/8G6ePhW29MHA45wz3nhMmnCnteT9WbmV1bX0jv2lvbe/s7jn7B3UVp5J ijcY8ls0QFHImsKaZ5thMJEIUcmyEg6ux3nhAqVgsbvUwwVYEPcG6jII2VNspBSH2mMjwXoCUMDwb2UEIMguidFR8PLUDFJ0/YtspeCVvMu4y8GegQGZTbTvfQSem aYRCUw5K3fleolsZSM0oR7MsVZgAHUAPs0makXtiqI7bjaV5QrsTds4HkVLDKDTOCHRfLWpj8j/tLtXdy1bGRJJqFHS6qJtyV8fuuBq3wyRSzYcuUGruTUGbO2gf JFBtKrRNeH8x6jKol0u+wTflQuV8VkOeHJFjUiQ+uSAVck2qpEYoeSav5IN8Wk/Wi/VmvU+tOWv255DMjfX1Cz5JnJU=</latexit><latexit sha1_base64="nf+x0gBCepMP+yNb1afH7Kj1O64=">AAACD3icbVD LSsNAFJ3UV42vqEs3wSJUFyUpgi4LblxWsA8wpdxMb9uhk0mcmYgl9CME/0VwIYJu9A/8G6ePhW29MHA45wz3nhMmnCnteT9WbmV1bX0jv2lvbe/s7jn7B3UVp5J ijcY8ls0QFHImsKaZ5thMJEIUcmyEg6ux3nhAqVgsbvUwwVYEPcG6jII2VNspBSH2mMjwXoCUMDwb2UEIMguidFR8PLUDFJ0/YtspeCVvMu4y8GegQGZTbTvfQSem aYRCUw5K3fleolsZSM0oR7MsVZgAHUAPs0makXtiqI7bjaV5QrsTds4HkVLDKDTOCHRfLWpj8j/tLtXdy1bGRJJqFHS6qJtyV8fuuBq3wyRSzYcuUGruTUGbO2gf JFBtKrRNeH8x6jKol0u+wTflQuV8VkOeHJFjUiQ+uSAVck2qpEYoeSav5IN8Wk/Wi/VmvU+tOWv255DMjfX1Cz5JnJU=</latexit><latexit sha1_base64="nf+x0gBCepMP+yNb1afH7Kj1O64=">AAACD3icbVD LSsNAFJ3UV42vqEs3wSJUFyUpgi4LblxWsA8wpdxMb9uhk0mcmYgl9CME/0VwIYJu9A/8G6ePhW29MHA45wz3nhMmnCnteT9WbmV1bX0jv2lvbe/s7jn7B3UVp5J ijcY8ls0QFHImsKaZ5thMJEIUcmyEg6ux3nhAqVgsbvUwwVYEPcG6jII2VNspBSH2mMjwXoCUMDwb2UEIMguidFR8PLUDFJ0/YtspeCVvMu4y8GegQGZTbTvfQSem aYRCUw5K3fleolsZSM0oR7MsVZgAHUAPs0makXtiqI7bjaV5QrsTds4HkVLDKDTOCHRfLWpj8j/tLtXdy1bGRJJqFHS6qJtyV8fuuBq3wyRSzYcuUGruTUGbO2gf JFBtKrRNeH8x6jKol0u+wTflQuV8VkOeHJFjUiQ+uSAVck2qpEYoeSav5IN8Wk/Wi/VmvU+tOWv255DMjfX1Cz5JnJU=</latexit>
a)
<latexit sha1_base64="gQEs+mqfLW8RBfDtml26oyfN4ig=">AAAB4nicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxonlAEkLv7GwyZPbBTK8QQn5A8CCCXvwi/8C/cTfZSxILBoqqGrqr3VhJQ7b9axW2tnd294r7pYPDo+OT8ulZ20SJ5qL FIxXprotGKBmKFklSohtrgYGrRMed3Gd+50VoI6PwmaaxGAQ4CqUvOVIqPeFNaViu2FV7AbZJnJxUIEdzWP7pexFPAhESV2hMz7FjGsxQk+RKzEv9xIgY+QRHYrZY cM6uUsljfqTTFxJbqCs5DIyZBm6aDJDGZt3LxP+8XkL+3WAmwzghEfLlID9RjCKWtWWe1IKTmjLkPN03QUr34GPUyCm9SlbeWa+6Sdq1quNUncdapVHPz1CEC7iE a3DgFhrwAE1oAYcRvMEnfFme9Wq9Wx/LaMHK/5zDCqzvP6qeias=</latexit><latexit sha1_base64="gQEs+mqfLW8RBfDtml26oyfN4ig=">AAAB4nicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxonlAEkLv7GwyZPbBTK8QQn5A8CCCXvwi/8C/cTfZSxILBoqqGrqr3VhJQ7b9axW2tnd294r7pYPDo+OT8ulZ20SJ5qL FIxXprotGKBmKFklSohtrgYGrRMed3Gd+50VoI6PwmaaxGAQ4CqUvOVIqPeFNaViu2FV7AbZJnJxUIEdzWP7pexFPAhESV2hMz7FjGsxQk+RKzEv9xIgY+QRHYrZY cM6uUsljfqTTFxJbqCs5DIyZBm6aDJDGZt3LxP+8XkL+3WAmwzghEfLlID9RjCKWtWWe1IKTmjLkPN03QUr34GPUyCm9SlbeWa+6Sdq1quNUncdapVHPz1CEC7iE a3DgFhrwAE1oAYcRvMEnfFme9Wq9Wx/LaMHK/5zDCqzvP6qeias=</latexit><latexit sha1_base64="gQEs+mqfLW8RBfDtml26oyfN4ig=">AAAB4nicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxonlAEkLv7GwyZPbBTK8QQn5A8CCCXvwi/8C/cTfZSxILBoqqGrqr3VhJQ7b9axW2tnd294r7pYPDo+OT8ulZ20SJ5qL FIxXprotGKBmKFklSohtrgYGrRMed3Gd+50VoI6PwmaaxGAQ4CqUvOVIqPeFNaViu2FV7AbZJnJxUIEdzWP7pexFPAhESV2hMz7FjGsxQk+RKzEv9xIgY+QRHYrZY cM6uUsljfqTTFxJbqCs5DIyZBm6aDJDGZt3LxP+8XkL+3WAmwzghEfLlID9RjCKWtWWe1IKTmjLkPN03QUr34GPUyCm9SlbeWa+6Sdq1quNUncdapVHPz1CEC7iE a3DgFhrwAE1oAYcRvMEnfFme9Wq9Wx/LaMHK/5zDCqzvP6qeias=</latexit><latexit sha1_base64="gQEs+mqfLW8RBfDtml26oyfN4ig=">AAAB4nicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxonlAEkLv7GwyZPbBTK8QQn5A8CCCXvwi/8C/cTfZSxILBoqqGrqr3VhJQ7b9axW2tnd294r7pYPDo+OT8ulZ20SJ5qL FIxXprotGKBmKFklSohtrgYGrRMed3Gd+50VoI6PwmaaxGAQ4CqUvOVIqPeFNaViu2FV7AbZJnJxUIEdzWP7pexFPAhESV2hMz7FjGsxQk+RKzEv9xIgY+QRHYrZY cM6uUsljfqTTFxJbqCs5DIyZBm6aDJDGZt3LxP+8XkL+3WAmwzghEfLlID9RjCKWtWWe1IKTmjLkPN03QUr34GPUyCm9SlbeWa+6Sdq1quNUncdapVHPz1CEC7iE a3DgFhrwAE1oAYcRvMEnfFme9Wq9Wx/LaMHK/5zDCqzvP6qeias=</latexit>
b)
<latexit sha1_base64="KieN2LUaKFSmKyAVFp5QIKriviU=">AAAB4XicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxinlAEsJsZzYZMvtgplcIIR8geBBBL/6Rf+DfOEn2ksSCgaKqhu5qP1HSkOv+Ormt7Z3dvfx+4eDw6PikeHrWNHGqUTQ wVrFu+9wIJSPRIElKtBMteOgr0fLH93O/9SK0kXH0TJNE9EI+jGQgkZOVnvybfrHklt0F2CbxMlKCDPV+8ac7iDENRUSouDEdz02oN+WaJCoxK3RTIxKOYz4U08V+ M3ZlpQELYm1fRGyhruR4aMwk9G0y5DQy695c/M/rpBTc9aYySlISES4HBaliFLN5WTaQWiCpCeOIdt+Uk90DR1xzJHuUgi3vrVfdJM1K2fPK3mOlVKtmZ8jDBVzC NXhwCzV4gDo0ACGAN/iELwedV+fd+VhGc0725xxW4Hz/AXfbiZg=</latexit><latexit sha1_base64="KieN2LUaKFSmKyAVFp5QIKriviU=">AAAB4XicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxinlAEsJsZzYZMvtgplcIIR8geBBBL/6Rf+DfOEn2ksSCgaKqhu5qP1HSkOv+Ormt7Z3dvfx+4eDw6PikeHrWNHGqUTQ wVrFu+9wIJSPRIElKtBMteOgr0fLH93O/9SK0kXH0TJNE9EI+jGQgkZOVnvybfrHklt0F2CbxMlKCDPV+8ac7iDENRUSouDEdz02oN+WaJCoxK3RTIxKOYz4U08V+ M3ZlpQELYm1fRGyhruR4aMwk9G0y5DQy695c/M/rpBTc9aYySlISES4HBaliFLN5WTaQWiCpCeOIdt+Uk90DR1xzJHuUgi3vrVfdJM1K2fPK3mOlVKtmZ8jDBVzC NXhwCzV4gDo0ACGAN/iELwedV+fd+VhGc0725xxW4Hz/AXfbiZg=</latexit><latexit sha1_base64="KieN2LUaKFSmKyAVFp5QIKriviU=">AAAB4XicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxinlAEsJsZzYZMvtgplcIIR8geBBBL/6Rf+DfOEn2ksSCgaKqhu5qP1HSkOv+Ormt7Z3dvfx+4eDw6PikeHrWNHGqUTQ wVrFu+9wIJSPRIElKtBMteOgr0fLH93O/9SK0kXH0TJNE9EI+jGQgkZOVnvybfrHklt0F2CbxMlKCDPV+8ac7iDENRUSouDEdz02oN+WaJCoxK3RTIxKOYz4U08V+ M3ZlpQELYm1fRGyhruR4aMwk9G0y5DQy695c/M/rpBTc9aYySlISES4HBaliFLN5WTaQWiCpCeOIdt+Uk90DR1xzJHuUgi3vrVfdJM1K2fPK3mOlVKtmZ8jDBVzC NXhwCzV4gDo0ACGAN/iELwedV+fd+VhGc0725xxW4Hz/AXfbiZg=</latexit><latexit sha1_base64="KieN2LUaKFSmKyAVFp5QIKriviU=">AAAB4XicbVD LSgNBEOyNrxhfUY9eBoOgl7CbQ/QY8OIxinlAEsJsZzYZMvtgplcIIR8geBBBL/6Rf+DfOEn2ksSCgaKqhu5qP1HSkOv+Ormt7Z3dvfx+4eDw6PikeHrWNHGqUTQ wVrFu+9wIJSPRIElKtBMteOgr0fLH93O/9SK0kXH0TJNE9EI+jGQgkZOVnvybfrHklt0F2CbxMlKCDPV+8ac7iDENRUSouDEdz02oN+WaJCoxK3RTIxKOYz4U08V+ M3ZlpQELYm1fRGyhruR4aMwk9G0y5DQy695c/M/rpBTc9aYySlISES4HBaliFLN5WTaQWiCpCeOIdt+Uk90DR1xzJHuUgi3vrVfdJM1K2fPK3mOlVKtmZ8jDBVzC NXhwCzV4gDo0ACGAN/iELwedV+fd+VhGc0725xxW4Hz/AXfbiZg=</latexit>
- eV2
<latexit sha1_base64="3TmkrZBdjf98EYf2N2yXbHD1wBY=">AAACGnicbVD LSgMxFM34rPVVdelmsAgiWGaKoO4KblxWsA/olJLJ3GlDM5kxuSOWoX8i+C+CCxV048a/MX0sbOuFwOGck+Se4yeCa3ScH2tpeWV1bT23kd/c2t7ZLezt13WcKgY 1FotYNX2qQXAJNeQooJkooJEvoOH3r0d64wGU5rG8w0EC7Yh2JQ85o2ioTuHK86HLZQb3kipFB6fDvIfwiCrKzoYehoqyDOrDrGx4kMEfX6dQdErOeOxF4E5BkUyn 2im8e0HM0ggkMkG1brlOgu2MKuRMgHk/1ZBQ1qddyMbBhvaxoQI7jJU5Eu0xO+OjkdaDyDfOiGJPz2sj8j+tlWJ42c64TFIEySYfhamwMbZHLdkBV8BQDGzKmNk3 pWj2YD1q6kDTZt6Ed+ejLoJ6ueS6Jfe2XKycT2vIkUNyRE6ISy5IhdyQKqkRRp7JK/kkX9aT9WK9WR8T65I1vXNAZsb6/gX8FKHi</latexit><latexit sha1_base64="3TmkrZBdjf98EYf2N2yXbHD1wBY=">AAACGnicbVD LSgMxFM34rPVVdelmsAgiWGaKoO4KblxWsA/olJLJ3GlDM5kxuSOWoX8i+C+CCxV048a/MX0sbOuFwOGck+Se4yeCa3ScH2tpeWV1bT23kd/c2t7ZLezt13WcKgY 1FotYNX2qQXAJNeQooJkooJEvoOH3r0d64wGU5rG8w0EC7Yh2JQ85o2ioTuHK86HLZQb3kipFB6fDvIfwiCrKzoYehoqyDOrDrGx4kMEfX6dQdErOeOxF4E5BkUyn 2im8e0HM0ggkMkG1brlOgu2MKuRMgHk/1ZBQ1qddyMbBhvaxoQI7jJU5Eu0xO+OjkdaDyDfOiGJPz2sj8j+tlWJ42c64TFIEySYfhamwMbZHLdkBV8BQDGzKmNk3 pWj2YD1q6kDTZt6Ed+ejLoJ6ueS6Jfe2XKycT2vIkUNyRE6ISy5IhdyQKqkRRp7JK/kkX9aT9WK9WR8T65I1vXNAZsb6/gX8FKHi</latexit><latexit sha1_base64="3TmkrZBdjf98EYf2N2yXbHD1wBY=">AAACGnicbVD LSgMxFM34rPVVdelmsAgiWGaKoO4KblxWsA/olJLJ3GlDM5kxuSOWoX8i+C+CCxV048a/MX0sbOuFwOGck+Se4yeCa3ScH2tpeWV1bT23kd/c2t7ZLezt13WcKgY 1FotYNX2qQXAJNeQooJkooJEvoOH3r0d64wGU5rG8w0EC7Yh2JQ85o2ioTuHK86HLZQb3kipFB6fDvIfwiCrKzoYehoqyDOrDrGx4kMEfX6dQdErOeOxF4E5BkUyn 2im8e0HM0ggkMkG1brlOgu2MKuRMgHk/1ZBQ1qddyMbBhvaxoQI7jJU5Eu0xO+OjkdaDyDfOiGJPz2sj8j+tlWJ42c64TFIEySYfhamwMbZHLdkBV8BQDGzKmNk3 pWj2YD1q6kDTZt6Ed+ejLoJ6ueS6Jfe2XKycT2vIkUNyRE6ISy5IhdyQKqkRRp7JK/kkX9aT9WK9WR8T65I1vXNAZsb6/gX8FKHi</latexit><latexit sha1_base64="3TmkrZBdjf98EYf2N2yXbHD1wBY=">AAACGnicbVD LSgMxFM34rPVVdelmsAgiWGaKoO4KblxWsA/olJLJ3GlDM5kxuSOWoX8i+C+CCxV048a/MX0sbOuFwOGck+Se4yeCa3ScH2tpeWV1bT23kd/c2t7ZLezt13WcKgY 1FotYNX2qQXAJNeQooJkooJEvoOH3r0d64wGU5rG8w0EC7Yh2JQ85o2ioTuHK86HLZQb3kipFB6fDvIfwiCrKzoYehoqyDOrDrGx4kMEfX6dQdErOeOxF4E5BkUyn 2im8e0HM0ggkMkG1brlOgu2MKuRMgHk/1ZBQ1qddyMbBhvaxoQI7jJU5Eu0xO+OjkdaDyDfOiGJPz2sj8j+tlWJ42c64TFIEySYfhamwMbZHLdkBV8BQDGzKmNk3 pWj2YD1q6kDTZt6Ed+ejLoJ6ueS6Jfe2XKycT2vIkUNyRE6ISy5IhdyQKqkRRp7JK/kkX9aT9WK9WR8T65I1vXNAZsb6/gX8FKHi</latexit>
µl(x)
<latexit sha1_base64="paOPSuChQbWQtW4kqf04IaAzVTc=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxOPlR/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AsvgmrA=</latexit><latexit sha1_base64="paOPSuChQbWQtW4kqf04IaAzVTc=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxOPlR/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AsvgmrA=</latexit><latexit sha1_base64="paOPSuChQbWQtW4kqf04IaAzVTc=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxOPlR/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AsvgmrA=</latexit><latexit sha1_base64="paOPSuChQbWQtW4kqf04IaAzVTc=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxOPlR/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AsvgmrA=</latexit>
µr(x)
<latexit sha1_base64="TEihsOluGB5OgWa/zVnVaG0m0Hs=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxNPlB/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AtU6mrY=</latexit><latexit sha1_base64="TEihsOluGB5OgWa/zVnVaG0m0Hs=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxNPlB/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AtU6mrY=</latexit><latexit sha1_base64="TEihsOluGB5OgWa/zVnVaG0m0Hs=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxNPlB/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AtU6mrY=</latexit><latexit sha1_base64="TEihsOluGB5OgWa/zVnVaG0m0Hs=">AAACC3icbVD LSsNAFJ3UV42vqEs3wSLULkpSBF0W3LisYB/QljCZ3rRDJ5M4MxFD6CcI/ovgQgTduPEP/BunbRa29cLA4Zwz3HuOHzMqleP8GIW19Y3NreK2ubO7t39gHR61ZJQ IAk0SsUh0fCyBUQ5NRRWDTiwAhz6Dtj++nurtBxCSRvxOpTH0QzzkNKAEK015VqXnw5DyDO45FgKnlYnZCxNPlB/PzR7wwR/Bs0pO1ZmNvQrcHJRQPg3P+u4NIpKE wBVhWMqu68Sqn2GhKGGgFyUSYkzGeAjZLMnEPtPUwA4ioR9X9oxd8OFQyjT0tTPEaiSXtSn5n9ZNVHDVzyiPEwWczBcFCbNVZE9rsQdUAFEstTEh+t4EK30HGWGB idL1mTq8uxx1FbRqVdeture1Uv0ir6GITtApKiMXXaI6ukEN1EQEPaNX9IE+jSfjxXgz3ufWgpH/OUYLY3z9AtU6mrY=</latexit>
µr
<latexit sha1_base64="JqX9om4etvdG2ODO+isF6c8hwiA=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOF6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFEp+Zzw==</latexit><latexit sha1_base64="JqX9om4etvdG2ODO+isF6c8hwiA=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOF6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFEp+Zzw==</latexit><latexit sha1_base64="JqX9om4etvdG2ODO+isF6c8hwiA=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOF6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFEp+Zzw==</latexit><latexit sha1_base64="JqX9om4etvdG2ODO+isF6c8hwiA=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOF6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFEp+Zzw==</latexit>
µl
<latexit sha1_base64="pm1rx7/sqQIvYRiQtCBBAfEqYks=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOZ6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFCVeZyQ==</latexit><latexit sha1_base64="pm1rx7/sqQIvYRiQtCBBAfEqYks=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOZ6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFCVeZyQ==</latexit><latexit sha1_base64="pm1rx7/sqQIvYRiQtCBBAfEqYks=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOZ6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFCVeZyQ==</latexit><latexit sha1_base64="pm1rx7/sqQIvYRiQtCBBAfEqYks=">AAACCHicbVD LSsNAFJ34rPEVdekmWERxUZIi6LLgxmUF+4CmhMnkph06mcSZiRBCf0DwXwQXIujGpX/g3zhts7CtFwYO55zh3nOClFGpHOfHWFldW9/YrGyZ2zu7e/vWwWFbJpk g0CIJS0Q3wBIY5dBSVDHopgJwHDDoBKObid55BCFpwu9VnkI/xgNOI0qw0pRvnXkBDCgv4IFjIXB+MTa9OPOZ6QEP/7C+VXVqznTsZeCWoIrKafrWtxcmJIuBK8Kw lD3XSVW/wEJRwkBvySSkmIzwAIppjLF9qqnQjhKhH1f2lJ3z4VjKPA60M8ZqKBe1Cfmf1stUdN0vKE8zBZzMFkUZs1ViTzqxQyqAKJbbmBB9b4aVvoMMscBE6e5M Hd5djLoM2vWa69bcu3q1cVnWUEHH6ASdIxddoQa6RU3UQgQ9o1f0gT6NJ+PFeDPeZ9YVo/xzhObG+PoFCVeZyQ==</latexit>
µ¯
<latexit sha1_base64="ZsVUalidECNS+seUGXquM718DPI=">AAACDHicbVD LSsNAFJ34rPUVdekmWARRKEkRdFlw47KCfUBTys30ph06mcSZiVBCf0HwXwQXIujGhX/g3zhts7CtFwYO55yZuecECWdKu+6PtbK6tr6xWdgqbu/s7u3bB4cNFae SYp3GPJatABRyJrCumebYSiRCFHBsBsObid58RKlYLO71KMFOBH3BQkZBG6prX/gB9pnI8EGAlDA6Hxf9AGTmR6lBKHp/lK5dcsvudJxl4OWgRPKpde1vvxfTNEKh KQel2p6b6E4GUjPK0byfKkyADqGP2TTK2Dk1VM8JY2mO0M6UnfNBpNQoCowzAj1Qi9qE/E9rpzq87mRMJKlGQWcfhSl3dOxMenF6TCLVfOQApWbfFLTZgw5AAtWm v6IJ7y1GXQaNStnzyt5dpVS9zGsokGNyQs6IR65IldySGqkTSp7JK/kgn9aT9WK9We8z64qV3zkic2N9/QJ2sZuv</latexit><latexit sha1_base64="ZsVUalidECNS+seUGXquM718DPI=">AAACDHicbVD LSsNAFJ34rPUVdekmWARRKEkRdFlw47KCfUBTys30ph06mcSZiVBCf0HwXwQXIujGhX/g3zhts7CtFwYO55yZuecECWdKu+6PtbK6tr6xWdgqbu/s7u3bB4cNFae SYp3GPJatABRyJrCumebYSiRCFHBsBsObid58RKlYLO71KMFOBH3BQkZBG6prX/gB9pnI8EGAlDA6Hxf9AGTmR6lBKHp/lK5dcsvudJxl4OWgRPKpde1vvxfTNEKh KQel2p6b6E4GUjPK0byfKkyADqGP2TTK2Dk1VM8JY2mO0M6UnfNBpNQoCowzAj1Qi9qE/E9rpzq87mRMJKlGQWcfhSl3dOxMenF6TCLVfOQApWbfFLTZgw5AAtWm v6IJ7y1GXQaNStnzyt5dpVS9zGsokGNyQs6IR65IldySGqkTSp7JK/kgn9aT9WK9We8z64qV3zkic2N9/QJ2sZuv</latexit><latexit sha1_base64="ZsVUalidECNS+seUGXquM718DPI=">AAACDHicbVD LSsNAFJ34rPUVdekmWARRKEkRdFlw47KCfUBTys30ph06mcSZiVBCf0HwXwQXIujGhX/g3zhts7CtFwYO55yZuecECWdKu+6PtbK6tr6xWdgqbu/s7u3bB4cNFae SYp3GPJatABRyJrCumebYSiRCFHBsBsObid58RKlYLO71KMFOBH3BQkZBG6prX/gB9pnI8EGAlDA6Hxf9AGTmR6lBKHp/lK5dcsvudJxl4OWgRPKpde1vvxfTNEKh KQel2p6b6E4GUjPK0byfKkyADqGP2TTK2Dk1VM8JY2mO0M6UnfNBpNQoCowzAj1Qi9qE/E9rpzq87mRMJKlGQWcfhSl3dOxMenF6TCLVfOQApWbfFLTZgw5AAtWm v6IJ7y1GXQaNStnzyt5dpVS9zGsokGNyQs6IR65IldySGqkTSp7JK/kgn9aT9WK9We8z64qV3zkic2N9/QJ2sZuv</latexit><latexit sha1_base64="ZsVUalidECNS+seUGXquM718DPI=">AAACDHicbVD LSsNAFJ34rPUVdekmWARRKEkRdFlw47KCfUBTys30ph06mcSZiVBCf0HwXwQXIujGhX/g3zhts7CtFwYO55yZuecECWdKu+6PtbK6tr6xWdgqbu/s7u3bB4cNFae SYp3GPJatABRyJrCumebYSiRCFHBsBsObid58RKlYLO71KMFOBH3BQkZBG6prX/gB9pnI8EGAlDA6Hxf9AGTmR6lBKHp/lK5dcsvudJxl4OWgRPKpde1vvxfTNEKh KQel2p6b6E4GUjPK0byfKkyADqGP2TTK2Dk1VM8JY2mO0M6UnfNBpNQoCowzAj1Qi9qE/E9rpzq87mRMJKlGQWcfhSl3dOxMenF6TCLVfOQApWbfFLTZgw5AAtWm v6IJ7y1GXQaNStnzyt5dpVS9zGsokGNyQs6IR65IldySGqkTSp7JK/kgn9aT9WK9We8z64qV3zkic2N9/QJ2sZuv</latexit>
kl
<latexit sha1_base64="fFIdt6vNQKmJTXHhb8MQdBKoczk=">AAACBnicbVD LSsNAFJ34rPEVdekmWArioiRF0GXBjcsK9gFNCZPJTTt0MokzEyGE7gX/RXAhgm5c+wf+jdM2C9t6YOBwzhnuPTdIGZXKcX6MtfWNza3tyo65u7d/cGgdHXdkkgk CbZKwRPQCLIFRDm1FFYNeKgDHAYNuML6Z+t1HEJIm/F7lKQxiPOQ0ogQrLflWzQtgSHkBDxwLgfOLiTn2mekBD/9ovlV16s4M9ipxS1JFJVq+9e2FCcli4IowLGXf dVI1KLBQlDCYmF4mIcVkjIdQzEpM7JqWQjtKhH5c2TN1IYdjKfM40MkYq5Fc9qbif14/U9H1oKA8zRRwMh8UZcxWiT29iB1SAUSx3MaE6H0zrPQeZIQFJkpfztTl 3eWqq6TTqLtu3b1rVJuX5Rkq6BSdoXPkoivURLeohdqIoGf0ij7Qp/FkvBhvxvs8umaUf07QAoyvX2eimOI=</latexit><latexit sha1_base64="fFIdt6vNQKmJTXHhb8MQdBKoczk=">AAACBnicbVD LSsNAFJ34rPEVdekmWArioiRF0GXBjcsK9gFNCZPJTTt0MokzEyGE7gX/RXAhgm5c+wf+jdM2C9t6YOBwzhnuPTdIGZXKcX6MtfWNza3tyo65u7d/cGgdHXdkkgk CbZKwRPQCLIFRDm1FFYNeKgDHAYNuML6Z+t1HEJIm/F7lKQxiPOQ0ogQrLflWzQtgSHkBDxwLgfOLiTn2mekBD/9ovlV16s4M9ipxS1JFJVq+9e2FCcli4IowLGXf dVI1KLBQlDCYmF4mIcVkjIdQzEpM7JqWQjtKhH5c2TN1IYdjKfM40MkYq5Fc9qbif14/U9H1oKA8zRRwMh8UZcxWiT29iB1SAUSx3MaE6H0zrPQeZIQFJkpfztTl 3eWqq6TTqLtu3b1rVJuX5Rkq6BSdoXPkoivURLeohdqIoGf0ij7Qp/FkvBhvxvs8umaUf07QAoyvX2eimOI=</latexit><latexit sha1_base64="fFIdt6vNQKmJTXHhb8MQdBKoczk=">AAACBnicbVD LSsNAFJ34rPEVdekmWArioiRF0GXBjcsK9gFNCZPJTTt0MokzEyGE7gX/RXAhgm5c+wf+jdM2C9t6YOBwzhnuPTdIGZXKcX6MtfWNza3tyo65u7d/cGgdHXdkkgk CbZKwRPQCLIFRDm1FFYNeKgDHAYNuML6Z+t1HEJIm/F7lKQxiPOQ0ogQrLflWzQtgSHkBDxwLgfOLiTn2mekBD/9ovlV16s4M9ipxS1JFJVq+9e2FCcli4IowLGXf dVI1KLBQlDCYmF4mIcVkjIdQzEpM7JqWQjtKhH5c2TN1IYdjKfM40MkYq5Fc9qbif14/U9H1oKA8zRRwMh8UZcxWiT29iB1SAUSx3MaE6H0zrPQeZIQFJkpfztTl 3eWqq6TTqLtu3b1rVJuX5Rkq6BSdoXPkoivURLeohdqIoGf0ij7Qp/FkvBhvxvs8umaUf07QAoyvX2eimOI=</latexit><latexit sha1_base64="fFIdt6vNQKmJTXHhb8MQdBKoczk=">AAACBnicbVD LSsNAFJ34rPEVdekmWArioiRF0GXBjcsK9gFNCZPJTTt0MokzEyGE7gX/RXAhgm5c+wf+jdM2C9t6YOBwzhnuPTdIGZXKcX6MtfWNza3tyo65u7d/cGgdHXdkkgk CbZKwRPQCLIFRDm1FFYNeKgDHAYNuML6Z+t1HEJIm/F7lKQxiPOQ0ogQrLflWzQtgSHkBDxwLgfOLiTn2mekBD/9ovlV16s4M9ipxS1JFJVq+9e2FCcli4IowLGXf dVI1KLBQlDCYmF4mIcVkjIdQzEpM7JqWQjtKhH5c2TN1IYdjKfM40MkYq5Fc9qbif14/U9H1oKA8zRRwMh8UZcxWiT29iB1SAUSx3MaE6H0zrPQeZIQFJkpfztTl 3eWqq6TTqLtu3b1rVJuX5Rkq6BSdoXPkoivURLeohdqIoGf0ij7Qp/FkvBhvxvs8umaUf07QAoyvX2eimOI=</latexit>
kr
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FIG. 2. Current-induced gap opening and nonlinear resis-
tance in 1D helical edge modes of a 2D TI. a) Unperturbed
edge mode dispersion [see Eq. (1)]. In equilibrium, the system
possesses a finite chemical potential µ¯ = µ0 above the Dirac
point. We describe the current-carrying state by imposing a
(local) difference between chemical potentials µr and µl of the
right- and left-moving modes, respectively. The correspond-
ing Fermi momenta are labeled kr and kl. b) Setup for calcu-
lating the nonlinear I − V characteristic, Eq. (9). A segment
of helical edge state is contacted by two reservoirs with chem-
ical potentials µ0− eV/2 and µ0 + eV/2, at x = 0 and x = L,
respectively. The chemical potential of the left [right] reser-
voir sets the boundary condition for µr(x) [µl(x)] at x = 0
[x = L]. The current I is proportional to δµ ≡ µl(x)− µr(x),
which is independent of x due to current conservation.
Summing up the spin polarizations of all filled states
between the left and right Fermi wave vectors kl and kr,
respectively [see Fig. 2a)], we obtain the current-induced
spin density 〈s〉 = ∫ kr
kl
dk
2pi 〈ψk+|~σ2 |ψk+〉, where |ψk+〉 is
the eigenvector of H1D in Eq. (1) with positive energy.
Expanding kr and kl to linear order in λ and δµ, kr =
µ¯
~v − δµ2~v +O(λ2), kl = − µ¯~v − δµ2~v +O(λ2), we find [38]:
〈sx〉 ≈ − λµ¯
2
~3v3
δµ
4piv
, 〈sy〉 = 0, 〈sz〉 ≈ − δµ
4piv
. (2)
At mean field (Hartree-Fock) level, the spin polariza-
tion (2) produces a Zeeman-like internal exchange field
through the electron-electron interaction. For illustra-
tion we consider a contact interaction potential U(R) =
gδ(R), where g is the interaction strength and R is the in-
terparticle distance. The exchange field gives rise to the
mean-field interaction Hamiltonian: HMFint = −g〈s〉 ·σ/~.
Combining HMFint with H1D(k), Eq. (1), we obtain the
mean-field Hamiltonian:
HMF1D = (~vk − g〈sz〉/~)σz + (λk3 − g〈sx〉/~)σx. (3)
For nonzero 〈sx〉 or 〈sz〉, the Hamiltonian in Eq. (3)
lacks TRS. Importantly, however, for λ = 0, the term
proportional to σx in Eq. (3) vanishes and the edge
state remains gapless [with the Dirac point shifted to
k∗ = g〈sz〉/(~2v)]. The energy-dependent spin helicity
rotation is essential for gap opening, as it introduces a
non-commuting term in the Hamiltonian.
The Hamiltonian HMF1D gives rise to the disper-
sion εMF± (k) = ±
√
(~vk − g〈sz〉/~)2 + (λk3 − g〈sx〉/~)2.
3(Here + and − refer to the positive and negative energy
bands.) We seek the (shifted) position of the upper band
minimum, k∗, and the magnitude of the induced gap, ∆,
by setting ddkε
MF
+ (k)|k∗ = 0. This condition yields a fifth-
order polynomial for k∗: 3λ2k5∗−3λg〈sx〉k2∗/~+~2v2k∗−
vg〈sz〉 = 0. In the absence of a current, δµ = 0, the
Dirac point resides at k∗ = 0. For small currents, char-
acterized by the limit δµ  4pi ~vg µ¯, and in the small λ
limit taken above, the shift of k∗ is small and the terms
beyond linear order in k∗ in the polynomial above can
be neglected. Within this regime, to leading order in δµ,
we find k∗ ≈ g〈sz〉/(~2v) = − 14pi g~v δµ~v . Evaluating the
dispersion at k∗, we obtain the induced gap:
∆ ≈ 2
∣∣∣∣g〈sx〉~
∣∣∣∣ = 12pi
∣∣∣∣ g~v λµ¯2~3v3 δµ
∣∣∣∣ . (4)
Note that the assumptions on small δµ and λ were taken
above only to facilitate obtaining a simple analytical re-
sult; the qualitative results do not rely on this limit [39].
The induced gap can be observed directly via tunnel-
ing spectroscopy, or indirectly through its nonperturba-
tive effects on transport. Due to the fact that HMF1D
lacks TRS, the protection against elastic backscattering
is lost: even a nonmagnetic disorder potential U(x) cou-
ples states with opposite helicities, yielding dissipation
on the edge (see Fig. 1).
To investigate the nonlinear current-voltage character-
istic for a helical edge mode with a current-induced gap,
we consider an edge of length L, contacted by Fermi
reservoirs at x = 0 and x = L with chemical potentials
µ0−eV/2 and µ0 +eV/2, respectively [see Fig. 2b)]. Here
−e < 0 is the electron charge and V is the bias voltage.
We consider the situation where forward scattering
leads to rapid local equilibration separately within the
left- and right-moving branches. Near the Fermi sur-
face, the edge mode populations fl(k;x) and fr(k;x) can
be described by Fermi-Dirac distributions with separate,
position-dependent chemical potentials µl(x) and µr(x),
respectively. The chemical potential of the left reservoir
(at x = 0) provides a boundary condition for the chemi-
cal potential of the right movers, µr(x = 0) = µ0− eV/2;
similarly the right reservoir provides a boundary condi-
tion for the left movers: µl(x = L) = µ0 + eV/2.
Elastic backscattering, leading to resistance, is induced
by the disorder potential U(x) in the presence of the
current-induced gap. We assume that µl(x) and µr(x)
vary gradually in space such that, locally (at each posi-
tion, x), the dispersion and scattering properties of the
system are described by Hamiltonian (3), with the lo-
cal value of the spin polarization 〈s〉(x) determined by
Eq. (2) with µ¯ replaced by µ¯(x) = [µl(x) + µr(x)]/2.
To leading order in λ and δµ, the matrix element
for disorder-induced elastic scattering of a right mover
with momentum near kr to a left mover with momen-
tum near kl is found to be proportional to the over-
lap 〈ψMFkl+|ψMFkr+〉 ≈
g〈sx〉
~µ . Here µ ≈ µ¯(x) is the en-
ergy of the scattered electron, and |ψMFk+ 〉 is the pos-
itive energy eigenvector of HMF1D , Eq. (3). We con-
sider short-range correlated disorder, characterized by
U(x)U(x′) = (~v)2` δ(x − x′), where the overline indi-
cates averaging over disorder and we express the dis-
order strength through the effective mean free path, `,
that would arise in a comparable nonhelical 1D system.
Within this model, and in the limit kr`, kl` 1, we ob-
tain the disorder-averaged backscattering rate 1/τ per-
turbatively from Fermi’s golden rule:
1
τ
=
v
`
(
gλµ¯(x)δµ
4pi~4v4
)2
, (5)
where we used 1/(2pi~v) as the density of states per unit
length (valid for small λ and small bias [39]). Due to the
current-induced nature of the gap, τ−1 is proportional to
(δµ)2 and hence to the square of the applied current.
We seek the steady-state current that flows as a func-
tion of the bias voltage, V . To this end, we study
the left- and right-mover charge densities, ρd(x) =
(−e) ∫ dk2pi fd(k;x), with d = {r, l}, and corresponding
currents, Ir(x) = vρr(x), Il(x) = −vρl(x). (Here we
again use the approximation that the velocity is con-
stant, valid in the limit of small λ and bias [39].) At
zero temperature, the total current I = Ir + Il is pro-
portional to the (local) chemical potential difference:
I = (−e)h (µr − µl) = ehδµ. Hence, conservation of to-
tal current implies that δµ ≡ µl(x)− µr(x) = constant.
To obtain the spatial profiles of µr(x) and µl(x), we
use the continuity equation: ∂xIr = −∂tρr|scatt, where
∂tρr|scatt = −(ρr − ρl)/τ is the net rate for right movers
to be scattered into the left-moving branch, and 1/τ is
the backscattering rate, Eq. (5). A similar continuity
equation holds for the left movers. Expressing ρr(x),
ρl(x), Ir(x), and Il(x) in terms of µr(x) and µl(x), we
obtain a differential equation for µ¯(x):
∂µ¯(x)
∂x
=
δµ
vτ
≡ Cµ¯(x)2(δµ)3. (6)
To clearly expose the µ¯(x) and δµ dependence on the
right hand side of Eq. (6), we have gathered the remain-
ing factors into the constant C = g2λ2/[`(4pi~4v4)2].
Noting that δµ is constant (see above), Eq. (6) can be
integrated directly to obtain:
1
µ¯(L)
− 1
µ¯(0)
= −LC(δµ)3. (7)
We now solve for δµ (and hence the total current, I) as
a function of the bias eV by applying the boundary con-
ditions above (see also Fig. 2b): µ¯(0) = µ0− 12 (eV − δµ),
µ¯(L) = µ0 +
1
2 (eV − δµ). Substituting these expressions
into Eq. (7), we obtain a nonlinear equation for δµ:
eV − δµ = LCµ20(δµ)3
[
1− 1
4
(
eV − δµ
µ0
)2]
. (8)
4The solutions of Eq. (8) together with I = ehδµ yield the
I − V characteristic of the system. Note that we have
assumed eV/µ0, δµ/µ0  1 throughout.
We analyze Eq. (8) in two limits: a “nearly ballis-
tic regime,” realized for small biases and/or for short,
weakly disordered systems, and a “resistive regime,” re-
alized for large biases and/or in long, strongly disordered
systems. In the nearly ballistic regime, characterized by
δµ ≈ eV , we let δµ = (1 − x)eV and solve Eq. (8) to
leading order in x  1. This solution is consistent for
κ ≡ LCµ20(eV )2  1. In the resistive regime, realized for
κ  1 and characterized by δµ  eV , we let δµ = xeV
and again solve Eq. (8) to leading order in x. We find:
I =
e2
h
·
{
V − LCµ20e2V 3, κ 1 (nearly ballistic)(
e2LCµ20
)− 13 V 13 , κ 1 (resistive). (9)
The behavior in both regimes can be understood in terms
of a series resistor network consisting of a fixed con-
tact resistance R0 = h/e
2 and a nonlinear resistance
Rscatt ∼ I2 associated with backscattering that depends
quadratically on the current, I [see text below Eq. (5)].
In the nearly ballistic regime, the contact resistance dom-
inates: Rscatt/R0  1. Here we may make the replace-
ment Rscatt ∼ V 2, to obtain I = V/(R0 + Rscatt) ∼
e2
h V −O(V 3). In the resistive regime, Rscatt/R0  1, we
may neglect R0 to obtain I
3 ∼ V .
The nonlinear I − V characteristic (9) should be con-
trasted with other nonlinear contributions to the change
in conductance [11, 12, 23–25, 32, 40–42]. For example, in
Ref. [32], Schmidt et al. considered inelastic two-particle
backscattering due to weak interactions and an impurity
potential. The mechanism they considered would give
a quadratic-in-voltage correction to the (nonlinear) con-
ductance that scales with the temperature squared; the
mechanism we describe yields a quadratic-in-voltage cor-
rection to the nonlinear conductance that persists down
to zero temperature. Thus backscattering due to current-
induced gap opening can be distinguished from other
mechanisms, such as inelastic scattering, through the
temperature dependence of nonlinear transport.
The current-induced gap opening mechanism described
above straightforwardly generalizes to the case of 2D sur-
face states of a 3D TI. For illustration we take a minimal
model Hamiltonian that approximately describes the sur-
face states of Bi2Te3 (see Refs. [43, 44]):
H2D(k) = ~v(k× σ) · zˆ + λk3 cos(3φk)σz, (10)
where k = (kx, ky), k = |k|, and φk is the azimuthal
angle of k. The hexagonal warping term (with strength
λ) plays a crucial role in enabling current-induced gap
opening. As above, we consider the situation where the
system is doped up to a finite chemical potential µ0 above
the Dirac point, in the limit of temperature much less
than µ0.
In equilibrium, time-reversal symmetry of H2D im-
plies that the net spin polarization vanishes, 〈s〉 = 0.
When an electric field is applied to drive a dc cur-
rent on the surface, the Fermi surface shifts and be-
comes distorted, yielding a finite spin polarization 〈s〉 =∫
d2k
(2pi)2 fk,+〈ψk,+|~σ2 |ψk,+〉, where |ψk,+〉 is the positive
energy eigenstate of H2D(k), and fk,+ is the nonequi-
librium distribution function. Through electron-electron
interactions, this spin polarization yields an internal ex-
change field captured by the mean field Hamiltonian:
HMF2D (k) = (−vky − g〈sx〉/~)σx + (vkx − g〈sy〉/~)σy
+
[
λkx(k
2
x − 3k2y)− g〈sz〉/~
]
σz. (11)
For λ = 0, the spin polarization is purely in plane, 〈sz〉 =
0, and the exchange field merely shifts the Dirac point
(without opening a gap). With λ 6= 0, however, the
induced spin polarization generically opens a gap in the
spectrum of HMF2D (k).
The nonequilibrium distribution function fk,+, and
hence the induced gap, can be obtained, e.g., using
a Boltzmann equation approach analogous to that in
Ref. [45]. Due to the reduced rotational symmetry of the
surface states described by Eq. (10), the induced gap is
sensitive to the direction of the applied field. This model
still displays a high degree of symmetry, which in partic-
ular yields 〈sz〉 = 0 within the simplest Boltzmann equa-
tion treatment. Consequently, the leading contribution
to the induced gap is third order in both the magnitude
of the applied electric field and the interaction strength,
and therefore turns out to be small for this model.
Discussion.— We have analyzed a new mechanism
through which the interplay between nonequilibrium cur-
rents and electron-electron interactions can modify the
properties of TI surface states. For the 1D edge of a
2D TI, the magnitude of the induced gap (within the
limits of small λ and δµ taken throughout) is given by
Eq. (4). Due to the scaling with µ¯2 and 1/v4, a current-
induced gap opening is expected to be the most pro-
nounced in topological insulators with large bulk gaps
(allowing for large µ¯ above the Dirac point), and low
edge state velocities. Bulk gaps of the order of 100 meV
and above have been predicted in two-dimensional transi-
tion metal dichalcogenides such as WTe2 [46–48], as well
as, e.g., jacutingaite [49] and (functionalized) stanene
(tin) films [50]. To estimate the induced gap, we take
µ¯ = 100 meV, v = 105 m/s [46], and g = e2/(4pir0) ≈
2.4 eV A˚ [51], where we use r ≈ 6 as the relative di-
electric constant characterizing the 2D TI and its sur-
roundings [52] (0 is the vacuum permittivity). Equa-
tion (4) then gives ∆ ≈ 0.02λ[eV A˚3] δµ. The value of
λ is currently unknown for the large bulk-gap materials
mentioned above; however, based on trends in the ab ini-
tio data of Ref. [33], for WTe2 we speculate that it may
fall in the range λ ∼ 10−2 − 10−1 eV A˚3, leading to a
gap of the order of 1− 10 µeV for a bias voltage of a few
5mV. In the nearly ballistic regime of Eq. (9), the result-
ing fractional change to the ballistic conductance e2/h is
given by LCµ20(eV )2 ≈ L`
(
∆
2µ0
)2
.
For the 2D surface states of 3D TIs, current-induced
gap opening is accompanied by the appearance of a Berry
curvature monopole that gives rise to an anomalous Hall
effect. Interestingly, this nonlinear Hall effect is of a fun-
damentally different origin than other nonlinear anoma-
lous Hall effects that have been the subject of intense
recent interest [45, 53–57]. While these works investigate
nonlinear transport due to a Berry curvature dipole that
is present in the equilibrium band structure of the sys-
tem, the mechanism we describe arises from the Berry
curvature monopole that arises due self-modification of
the system’s nonequilibrium band structure via electron-
electron interactions. The search for platforms where this
nonlinear Hall effect can be enhanced is an interesting di-
rection for future work.
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